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EXECUTIVE SUMMARY

This thesis examines three interesting cases of the single vehicle routing problem with a
predefined client sequence and two load replenishment depots. The cases studied vary with
respect to the inventory availability at each depot. Given the location and demand of the clients,
we seek the minimum cost route, which includes optimal load replenishment at the depots in
order to fully satisfy the client demand. For each case, two solution approaches have been
developed: i) A Dynamic Programming algorithm, which obtains the optimal solution for all
cases, and ii) a Labeling Algorithm that obtains the optimal solution for the first two cases, and
efficient solutions for the third, and most complex, one. The computational efficiency of the two

algorithms is studied by solving a wide range of problem instances.
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Economics and Management for Engineers

Chapter 1. Introduction

The Vehicle Routing Problem (VRP) is a very well studied problem in the literature over a span
of almost six decades. Its variations are closely related to transportation and distribution
operations, telecommunication network operations, the airline industry, etc. (see Golden et al.
(2008), Toth and Vigo, (2002), or Laporte, (1992)).For characteristic examples of exact, heuristic
and metaheuristic solution algorithms see Laporte et al. (1985), Fisher et al., (1997), Clarke and
Wright, (1964), Osman (1993),Kirkpatrick et al. (1983), Gendreau et al. (1994), Rego and
Roucairol, (1996), and Reinmann and Doerner (2004).

The (single) Vehicle Routing with Depot Returns Problem (VRDRP), as defined by Tsirimpas et
al. (2008), considers the case of a single vehicle serving clients with a predefined visit sequence
and known product demand. Due to load and capacity constraints, the vehicle must return one or
more times to the depot for replenishment. The problem is to find the optimal visits to the depot
so that the total distance traveled is the minimum possible and all clients are served. Tsirimpas et
al. (2008) studied three cases of this problem and used dynamic programming to identify the
optimal route for each case. Yang et al. (2000) and Tatarakis and Minis (2009) consider the case
of the stochastic vehicle routing problem with predefined client order. In the first work, the
authors investigate problems of a single and multiple-vehicle distributing a single product, and
minimize the total routing cost and the probability of route failure. Bianchi et al. (2006) study the
performance of metaheuristics for solving the Yang et al. problem. Tatarakis and Minis consider
the delivery of multiple products by a single vehicle to clients with random demand and they

developed dynamic programming algorithms to determine the minimum expected routing cost.

In the present thesis we consider the case of two depots in three VRDRP variants of increasing
complexity. In the first variant (UU) both depots have Unlimited product availability (inventory);
in the second variant (UL), one depot has Unlimited product inventory and the other Limited
inventory, while in the third variant (LL) both depots have Limited product inventory. In all

three variants considered a single product is distributed.

Note that in UU, after each visit to a client, the decision is whether to return -or not- to the
nearest depot facility for a full replenishment. In LU or LL, since there exists at least one depot
with limited inventory, the decisions to be made after each visit to a client are i) return -or not- to
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a depot facility, ii) which depot facility to return to, and iii) how many product units will be
loaded, in case the selected depot is the one with the limited inventory.

Figure 1.1, demonstrates the LU variant of the VRDRP. In this simple example, we assume that
the vehicle can carry up to two product units; depot D! has an inventory of two product units,
depot D? has unlimited inventory, and each client has a demand of 1 product unit. In Fig. 1.1.a
the vehicle departs from its starting position, visits D* and departs fully loaded (2 product units).
Then, it serves two clients before visiting D2. Subsequently, it departs from D?, visits two more
clients and, then, since it has exhausted its load, it should return to a depot facility for stock
replenishment. However, in D* there is no stock left and, thus, the vehicle must travel a longer
distance to D%. Another solution is demonstrated in Fig. 1.1.b. The vehicle departs from its
starting position, visits D! and loads just 1 product unit (instead of the two available in D?).
After departing from D? it visits one client, visits D?, serves two clients and returns to D? for a
full replenishment of two product units. Subsequently, after serving one more client, it returns
to D' to load the one remaining product unit in that facility. Finally, the vehicle serves the last
two clients. The two solutions in Figs 1.1.a, 1.1.b below illustrate that the quantity of the product

units loaded at depotD?! (facility with limited availability), affects the total distance traveled by

X /

<+ O— < <—l\

Figure 1.1: Example routes in the LU variant

The problems addressed in this thesis have interesting applications. For instance, material
handling systems in a manufacturing shop often operate along a fixed pathway that connects
material warehouses with workcenters. Note that in addition to the main pathway connecting the
workcenters in a predefined sequence, there are spurs connecting each workcenter with the

material warehouses, allowing the direct return of the material handling device (e.g. AGV).
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Similar applications may be found in the healthcare industry concerning the transportation of
meals, linen, and waste. Another example concerns the distribution of a single product (e.g.
bottled water), and the case in which one of the delivery vehicles is incapacitated. In this case the
vehicle which, in addition to its own delivery plan, will be assigned to complete the delivery plan
of the incapacitated one, may use both the depot and the incapacitated vehicle as replenishment
points (see LU problem above).Similar problems have been studied by Li et al. (2009 a, b), Mu
et al. and Mamassis et al. (2010).

In this thesis we model, solve and study the complexity of the three new problems (UU, LU and
LL) described above. Our solution approaches are based on Dynamic Programming (DP).
Furthermore, to deal with the increased complexity of problems LU and LL we also develop
efficient labeling algorithms and compare the related computational times with those of the DP

ones.
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Chapter 2. Problem models

Consider the following notation:

The vertices in set C = {1, ...,n} correspond to the clients of the network

Vertex 0 corresponds to the starting position of the vehicle, and vertex n + 1 corresponds
to the ending position of the vehicle.Note that, without loss of generality, we assume that
the vehicle departs empty from its starting position, and, thus, it must visit one of the
depots to load product, prior to serving any client

For modeling purposes, two virtual depots are defined for every client, as well as for the
starting position. The set of these virtual depots is denoted as D = {D}, D?:i € C U {0}}.
All virtual depots D} are located at the geographical point of Depot 1; similarly all virtual
depots D7 are located at the geographical point of Depot 2. The inventory level of each
virtual depot is updated depending on the vehicle visits and the related quantities loaded

onto the vehicle.

Consider now the complete directed graph G(V, A), where V. = C U D U {0,n + 1} is the vertex
set and A = {(i,i + 1),(i,D}), (i,D?), (D}, D?) : i e VU {n+ 1}} is the arc set. The vehicle

must serve all clients with a predefined sequence 1, ...,n. Each client i has a known positive

demandd;, Vi € C,and ¢;; = 0 denotes the cost (distance) of traversing arc (i, ). The product

availability in the virtual depots after serving client i is denoted as P}and P?, respectively.

Similarly, the initial product availability is 1 and I1?, respectively. The vehicle capacity

IS Q product units and the stock on the vehicle leaving client i is denoted as g;.

The solution seeks a vehicle route serving all clients at the predefined sequence with minimal

total distance. We present first the model for problem LL (in which both depots have limited

inventory), since this is the most general of the three problems.

Problem LL

The decision variables of the model are the following:

Xii+1 xi,Dil' xi,Din xDil'DiZ' xDiZJDill xDil,l" xDiZ,i € {011};1 =0,..,n
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Each of the above variables assumes the value 1 if the corresponding arc is traversed and O

otherwise.

The variables:
dp1 €{0,1, ., PL}i=0,..,n

and,
dy2 €{0,1,..,P2,},i=0,..,n

represent the quantity of products loaded onto the vehicle while it visits virtual depots D}andD?,

respectively.

The objective function of problem LL is defined as follows:

n-1

minTC = Z (xi.i+1ci.i+1 + X p1Cipt + Xp2i41Cpliva t X p2€ip2 ¥ Xp2i41Cp2i4g + Xp2 p2Cpl pz + xDiz,Dichiz,Dil) +epner (2.1)
i=0
Subject to:
Xii+1 + xi,Dl; + xi,Diz =1 ,i=0,..,n (2.2)
Xplivs t Xp2ie1 = Xip1 + X p2 ,i=0,...,n (23)
Xipt +Xp2pl = Xplipq T Xptp2 ,i=0,..,n (24)
Xprpz T Xpzpr =1 ,i=0,..,n (25)

qi =Qqi_1—d; + ((xi—l,Dil_l + xDi2—1vDi1—1) X dDi1—1) + ((xi‘l'Dizﬂ + xDi1—1vDi2—1) X dDi2—1) ,i=0,..,n (2.6)

g +d;<Q ,i=0,..,n (27)
Py =1"— (xo,D(} + ng,Dé) X dps (2.8)
PE =117 = (xoz + Xpg 52 ) X dpz 2.9)
Pl =PLy = (x,pp +2Xp2 1) X dpa Ji=1,..,n (210)
P? = P2, (xlDZ + xp1 Diz) X dDiz ,i=1,..,n (211)

P}, P?,q; =0 ,i=0,..,n (212
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Xii+1, Xy p1s X; p20 Xp1 p2, Xp2 p1s Xp1 1 Xp2; € {0,1} ,i=0,..,n (213)
dp1 €{0,1, e, PELY ,i=0,.,n (2.14)
dpz €{0.1, ., P21} ,i=0,..,n (2.15)

Equation (2.2) ensures that the vehicle departing from one client will be directed towards the
next client, or towards depot 1, or depot 2. Equations (2.3) and (2.4) ensure that if the vehicle
arrives at a depot, it will either travel to the other depot or to the next client in the sequence.
Inequality (2.5) ensures that the vehicle can only travel once from one depot to the other (thus
avoiding cyclical tours between depots). Equations (2.3) to (2.4) and inequality (2.5) also ensure
that when the vehicle departs from one client, it will follow only one of the five possible paths to
the next customer. Equation (2.6) ensures that upon visiting client i, the vehicle serves exactly its
demand. Inequality (2.7) ensures that the vehicle capacity cannot be exceeded at any point along
the route. Equations (2.8) and (2.9) define the initial inventory of the two depots. Equations
(2.10) and (2.11) define the change in inventory each time a vehicle visits the depot facility.
Inequality (2.12) ensures that that the product quantities (at the depots and those carried by the
vehicle) cannot be negative at any point along the route. Constraint (2.13) states that the arc
decision variables are binary. Finally, Constraints (2.14) and (2.15) specify the range of the

decision variables related to the quantities loaded onto the vehicle from the depots.
The above model can be simplified to describe problems UU and LU, as described below:
Problem UU

In this case the two depots have unlimited product availability (I1%,71? — o) and hence,
Constraints (2.8) to (2.12) are no longer needed. Note also that the vehicle will be fully loaded

upon each visit to a depot facility. Hence,

dpi,dpz = Q —qi—q ,0=01,...,n (2.16)

3 3

Furthermore, visiting two depot facilities in sequence is not appropriate due to a) the fact that the
necessary product quantity can always be loaded by any (single) depot facility, and b) the

triangular inequality.

In this case, therefore, the set of arcs can be redefined as follows:
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A'={(,i+1),G,DH, (A, DH}:i eV u{0}}.
Obviously,

A' c A.

Consequently, the mathematical model for problem UU can be written as follows:

n-1
minTC = Z (xi.i+1ci,i+1 T X p2Cipt + Xp1iy1Cplive T X;p2Cip2 + xDiZ,i+1CDi2,i+1) + s (2.17)
i=0
Subject to:
Xije1 T X p1 + X p2 =1 ,i=0,..,n (218)
Xip} = Xplit+1 ,i=0,..,n (219
Xip? = Xp?it1 ,i=0,...,n (220
qi = qi-1 — di + (xp1 +x52) X (@ — qi-1) ,i=0,..,n (221)
q;+d; <Q ,i=0,..,n (222)
q:=0 ,i=0,...,n  (223)
Xiji+1 Xyl X;p2» Xpliv1 Xp2 41 € {01} ,i=0,..,n (2249
Problem LU

In this case we assume that the second depot (D?) is the one with the finite product inventory.
This increases the complexity compared to the UU case. Again, all decision variables associated
with D! can be excluded from the model. However, the decision variables associated with

quantity dDizthat can be loaded from D? to the vehicle is retained. Similarly to the UU case the

vehicle will never visit sequentially the two depots, thus the arc set for this case also is A’

n-1

minTC = Z (xi.i+1ci,i+1 X p1Cipt + Xp1i41Cplivg T X p2€C;p2 + xDiz.i+1CDi2,i+1) + Chnt1 (2.25)
i=0

Subject to:
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X1 + X p1r + X;p2 =1 ,i=0,..,n (226)

Xip} = Xpli+1 ,i=0,..,n (227

Xi,p? = XpZi+1 ,i=0,..,n (2.28)

qi =qi-1 —d; + (xDl.l x(Q - qi_l)) + (xDiz X dDiz) ,i=0,..,n (229
g +d; <Q ,i=0,..,n (2.30)

P§ =117 — xpz X dpz (2.31)

P? =Py —xpz X dp2 i=1,..n (232

P?,q; =0 ,i=0,..,n (2.33)

Xii+1 Xy p1s Xpl i Xy p2» Xp2,; € {0,1} ,i=0,..,n (234)
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Chapter 3. Solution Methods
In this Chapter, we propose two alternative methods to solve the above problems: a) A Dynamic
Programming algorithm (DP), which provides the optimal solution in all three problems. b) A

Labeling Algorithm (LA), which solves them in more efficient computational times.

3.1. Problem UU

Dynamic Programming (DP) algorithm

Let’s assume that the minimum distance C;(q;) from client i until the ending point (n + 1) is a
function of the load g;of the vehicle as it departs from client i. Then the DP Equations are

formulated as follows:
Ifi = n, then:

Ci(qi) = Cn,‘n+1 qi = 0' ey Q (31)

Forclientsi =n—1,n—2,...,1 and for vehicle load q; = 0, ..., Q-

Ciiv1 T Civ1(qi — diy1)
Ci(q) = min{Cip} + Cprisr T Cir1(Q = disa) ,q; = diyq (3.2) ()
Ci,DiZ + CDiZ_i+1 + Ci+1(Q — diy1)

Cipt + Cpliva T Cis1(Q — diy1)

,q; < d; (3.2) (b)
Cip? + CpZi+1 + Ci+1(Q — diyq) i 1

Ci(q;) = min {

For the starting position i = 0, and g, = 0:

Co,nd + Cpia + C,(Q —dy)

3.3
CO,D% + CD§’1 + CI(Q - dl) ( )

Co(qo) = min {

Equation (3.2a) ensures that if the vehicle load is adequate to satisfy the demand of the next
client, then C;(q;) will be the minimum distance considering all three possible paths the vehicle
may follow. In Eq. (3.2b), the path that represents the direct visit from clienti to i + 1 is
excluded due to Eq. (2.23). The minimum distance minTC = C,(q,) is provided by Eqg. (3.3).
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Labeling Algorithm (LA)

The labeling algorithm creates partial paths iteratively; that is, paths that begin from the starting
position and reach each client according to the predefined client sequence. Each partial path
incident to a client i can be extended to the next client i + 1 by: a) direct visit to the next client,
b) visit through D}, or c) visit through D?. The algorithm extends all partial paths reaching each
client, determines the quality of these paths, and discards those of inferior quality. The paths of
inferior quality are identified by applying the, so called, dominance rules. The procedure
continues until the ending positionn + 1. The complete path (from the starting to the ending
position) with the minimum total cost is selected as the optimal one.The labeling algorithm is an
extension of the classic Dijkstra’s algorithm for the directed single-source shortest path problem
(Dijkstra, 1959). It has been applied to a multitude of problems, such as the VRP with time
windows (Desrocherset al., 1992), in the airline crew pairing Lavoie et al. (1988) and in flight
crew scheduling Graves et al. (1993). More recent works for the Elementary Shortest Path
Problem with Resource Constraints (ESPPRC) include Feillet et al. (2004) and Chabrier (2005);

focus on the importance of the dominance rules.

Let K = (0,1,2,...,n+ 1) be the predefined sequence of serving the clients. Also let Z; be the
path set that contains all partial paths reaching client (node) i € K. Each partial path z € Z;is

characterized by:

e (,: the total distance from the starting position (0) to client i, the last node of partial path
VA
e g, the load of the vehicle after serving client i, the last node of partial path z.
The steps of the algorithm are as follows:
Step 1: Start from first node of the sequence (i = 0) with the initial partial path z € Z,,.
where:

C,=0,G,=0zE€ Z,

Step2: Seti =i+1
Step 3: [Partial path extension]: For each partial path z,z € Z;_;, connect node (client)
i—1toi, by the three possible ways and create, if feasible, three new partial

paths z';,z',,2z'; € Z;. Overall, 3 x |Z;_;| new paths will be created. Figure 3.1

10
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shows an example for extending a partial path in Z, In case a partial path z exists for
which the load of the vehicle is adequate to satisfy all clients until the end of the

client sequence, i.e. q, = Z;:} d,, then only partial path z;is constructed by

visiting node i directly, since any visit to a depot would unnecessarily increase the
distance travelled by the vehicle.

Step 4: [Computation of the path variables]: For each new created partial path z' € Z; the
following are computed, based on the corresponding variables of the parent partial
path z € Z;_; (note that the index k=1, 2, 3 of z; has been dropped for convenience)

i. The total distance:

Cor = CotxiaiCiosi+ xiapr, (Coapp, + ot )+ Xican, (o, + 6oz, )
ii. The load g,rof the vehicle after serving clienti. This amount is calculated due to
the visits of the vehicle to a depot as:

C_IZ - dl ) xi_l!Dil—]_ + xi_l!Diz—]_ = O (34) (a)
g, = (3.4) (b)
Q—di X qpr +tX_q4p2 =1

Equation (3.4a) states that during the direct visit to client i the vehicle load is
decreased by exactly the amount corresponding to the demand of client i. Equation
(3.4b) states that when the vehicle visits a depot (D'or D?), then it is loaded up to
its capacity.

Step 5: [Discarding of partial paths]: If any of the partial paths in set Z; is infeasible due to
constraints (2.19) to (2.25), then it is discarded (pruned). For the remaining paths, we
identify and discard those of inferior quality. For this, consider two paths z';,z’, €
Z;. Then partial path z'; dominates partial path z’,, and z', can be discarded if the

following hold (simultaneously):

i Gy, = T, (35)

ii. C,, <Gy, (3.6)

If Inequality (3.5) is satisfied, and if the vehicle traverses partial path z'; after
serving client i, it may return to a depot fewer -or at most the same- number of times

for replenishment, and, thus, may travel a shorter (or at most equal) distance from

11
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client i to the end of the route. If Eq. (3.6) is satisfied as well, then at least one
complete path created from partial path z’; will correspond to a lower-or at most
equal- distance as compared to all complete paths created from partial path z’,. Thus
partial path z’', can be discarded safely.

Step 6: Steps 2, 3,4 and 5 are repeated until i =n + 1

Step 7: From the set of pathsZ,, ., the one with the minimum distance is the optimal route to

satisfy all clients with minTC = min,¢z ., C,.

®
°® o= = o N © N O O (o}
®
0 o Yo W Yo NENFTTTPITTITIIY (o) lo) lo)
© —
0 0O ® ”‘O’A’.:..: ......... o o o
o]
O,
® 0O , ,o .............. (o) (o) (o]
m ’

Figure 3.1: Partial path expansion example: (a) The initial partial path. (b), (c), (d) The partial path
extensions

3.2. Problem LU

Dynamic Programming (DP) algorithm

The DP developed for this case starts from the last client (i = n), and for each client i under
consideration it defines the minimum cost C;(g, P#) from this client to the ending position (n +
1) of the sequence. We assume that this cost depends on i) the vehicle’s load g;and ii) the

inventory P?of depot D? (the depot with limited stock) after serving client i.

Ifi = n, then:

12
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Ci(q;, P?) = Cnn+1 ,Vq;=0,..,Q,VP?=0,..,1> (3.7)

Fori=nn-1,..,14;=0,1,..,Q,P? = 0,1, ..., 11,

(Ciivr + Civa(qi — disr, PP)
o S Civ1(Q — diy1, PP

Ci(q;, P?) = min _ , G = digq (38) (a)
Cipz T Cpziva t OSdDgSr;]?;?PiZ.Q—qi}{Cn (qi +dpz —diya, PF = le_z)}
Cipt + Cpripy T Co(Q = diyy, PP) _ _

Ci(q;, P?) = min l l @ < sy (3.8) (b)
((qi P7) = i —d. pr_ -
R Cin ¥ Copin1 Qi+dD?*di+1Sr;IDlgnsmin(PiQO*Qi}{Cn (qi +dp = diva, P dDiz)} Qi+ PP = diys,

i < diga,
Ci(Qi:Piz) = Cip} + Cpli+1 + Cn(Q - di+1'Pi2) ' v (3-8) (C)
q; + P? < diq,

And for the starting position i = 0,P¢ = I1? and q, = 0:

Copt T Cpiat €, (Q—dy,Pd)
2N s
Co(0, Pg) = min Copz t Cpz1t min {G (dug —dy, P§ - dD&)} (3.9)

=01 min (72,0
Equation (3.8a) ensures that if the vehicle’s load is adequate to satisfy the demand of the next
client, then the minimum cost C;(gq;, P?)will be the minimum distance of the three possible paths
in this Equation. In Eq. (3.8b) the path that represents the direct transition from clientitoi + 1 is
excluded due to Eq. (2.33). Equation (3.8¢c) includes only the case in which the vehicle visits D?
to satisfy the demand of clienti + 1, since there is not enough combined stock on board the
vehicle and in D2. The optimal distance from the starting position is the lowest distance to serve

all clients, minTC = Cy(qq, P3).
Labeling Algorithm (LA)

The LA for the UL problem is an extension of the LA for the UU problem. As in the previous
case, let Z; be the set of all partial paths reaching client (node) i € K. As before, each partial
path z € Z; is characterized by C,, andq,; additionally it is also characterized by the inventory

level of the depot with limited inventory, that is:
e P2:the inventory in D? after serving the last client of partial path z

At each visit toD?, the appropriate product quantity le_z should be loaded onto the vehicle (note

that dDiz is a decision variable of problem LU). Note that this quantity is not known at the time of

13



Chapter 3. Solution Methods

the visit to D2. This difficulty is handled in DP by examining all possible values of the load

quantitydDiz in order to obtain the optimal solution. In LA, in order to reduce the number of

paths, we first consider that the maximum feasible quantity of products is loaded onto the vehicle
when it visits the D2.As the path(s) extend downstream we update this quantity as well as the
inventory of D2 by returning any unused quantity back to it. Each time after the visit to D?, the
vehicle visits D(obviously after serving some intermediate clients), no extra load is needed on
the vehicle upon the visit to D1, since it can load up to capacity in D*. Thus, any extra load

remaining should be returned to D? by updating its inventory.
In addition, we use the following ancillary variable in the dominance criteria:
e HZ:the maximum possible inventory in D? after serving the last client of partial path z

This quantity is updated at each expansion of a partial path to the next client by computing the
exact required quantity that should be loaded onto the vehicle during its last visit to D? to satisfy

all clients until the last one served.

The steps of the algorithm are similar to the steps of LA for problem UU. The differences are

summarized as follows:

1. Instep 1, quantity HZ is setto: HZ = I1%,z € Z,

2. Instep 4, P? and HZ are updated as discussed above:

i. The remaining inventory P2 in D?after serving client iis computed according to the
previous visits of the vehicle to the depots. Consider the last visit to D?for stock
replenishment just prior to client i. Let j be the client after which this visit occurred.

Also let p;be the remaining inventory in D after serving client j by path z € Z;_;.

Then, P2 (z' € Z; is the extension of z) is calculated as follows:
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PP —min{P,Q - q,} ,x_;p2 =1 (3.10) (a)
P? Xi_ipi FXigpz =0 (3.10) (b)
P2 = ¢ <
“ | min {p;, B2 + q,} Xjp2 X Xy p1 | X <1 — min {1, Z (mpz, + xm,D%)}> =1 (310)(c)
m=j+1
. IR SR R < D }) _, 60
P; ) Xip3 X Xi_1pL, % <1 min {1, m;d(xmpm + xmme) 1
Equation (3.10a) provides the remaining inventory in D2 in the case in which the
vehicle reached client i from i — 1 through D2. In this case, the maximum possible
quantity is loaded onto the vehicle. Equation (3.10b) states that if the vehicle does
not visit any depot between clients i — 1 and i, there is no change in the inventory
of D2. In Eq.(3.10c),p the inventory level of D? is updatedby adding the quantity of
products on board (g,), while ensuring that the updated inventory level of D2 will
not exceed the inventory level before the last visit to it, that is p;.Equation (3.10d)
states that between two sequential visits to D* there is no change to the inventory
of D2.
ii. The maximum inventory level in D%after serving client i by partial path z'(z' €
Z;and is the extension of z € Z;_,) is calculated as follows:
( 1 (3.11) @)
min {p, P7 + Gz} 2 (1 — min {1, Z (o1 + X2 ) =1
Hy = "
H? %01 X <1 — min {1, Z (o1 + X2 ) =1 @11) (b)

3.

\

m=j+1

In Eq. (3.11a) the maximum inventory level is defined as in Equation (3.10c), by

adding (returning) the remaining quantity of products on-board, but not exceeding

the previous inventory level (p;) ofD?.Equation (3.11b) states that between two

sequential visits to D! there is no change to the maximum inventory level of D2.

In step 4, g, is updated as follows:
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3.3.

(@ +min{P/,Q = q;} ,x;_qp2 =1 (3.12) ()
qzl = < C_IZ - dl ,xi_l‘Dil—l + xi_l:Dl’Z_l == 0 (312) (b)
\Q—d; Xi_qpt, =1 (3.12) (C)

Equation 3.12(a) states that when the vehicle visits D?, then it loads the maximum
feasible quantity of products. Equation (3.12b) states that during the direct visit to client i
the vehicle load is decreased by exactly the amount corresponding to the demand of client
i. Equation (3.12a) states that when the vehicle visits D, then it is loaded up to its
capacity.

In step 6, consider the two paths z,, z, € Z;. Then partial path z; dominates partial path
z, (and, thus, z, can be discarded) if the following holds additionally to Egs. (3.5) and
(3.6):

H, = H,, (3.13)

If Eq. (3.13) is satisfied, then in case of the partial path z;the inventory level in D?,is
equal or higher, and, thus, the vehicle may return more (or the same number of) times
to D? for replenishment (instead of D), if appropriate in order to minimize the total
distance travelled. As a result, partial path z,can be discarded without further extending
it.

Problem LL

This is the most complex among the three VRDRP variants studied in this thesis. The DP

algorithm developed for this case initiates from the last client (i = n); for each client i under

consideration it defines the minimum cost C;(q, P}, P7)from this client to the ending position

(n + 1) of the sequence. We assume that C;this cost depends on i) the vehicle’s load g;, ii) the

inventoryP/'of D1, and iii) the inventoryP?of D2.

Dynamic Programming (DP) algorithm

Fori=n,q; =0,1,..,Q,Pt =0,1,..,1;,P? = 0,1, ..., I:
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Ci(qi, PLPY) = Cinsa ,¢;=0,..,Q,Pt=0,..,1,P? =0,..,1? (3.16)

Fori=n—-1.144=01,..,Q,Pt =0,1,..,1,,P? =0,1,...,TI,

Ciiv1 + Cir1(q; — dir, PLPP)

Cip, T Cp,i+1 T Cisq (Qi + dpil —dj1, P} — dDil'PiZ)

min
0sdp1<min{P},Q-q;}
!
: 1 2
- | Cup T Cpyier T <Tl;'LI}YIL?P-Z 0-ai) Cita (Qi +dpp = diy, PP — do,?)
Ci(qi, P, PY) = min T L G = digs (3.17) (3
Cip, T Cp,p, T Cpyi+1
min{ " : ' min Civr (i + dpy + dpz = dips, PE = i, P2 = dyp)
{Ci,uz + oy, T Cpyiv1  0sdpp<min{P?o-a;) i1\ T G bi ek biv Tt bi
13
OSlellsmin{Pil,Q—qi}
Osle;+leng—qi

Cip, T Cp,p, T Cp,it1
Ci(qu, P!, PP = mi { Ve v min G (»+d1+dz—d. ,P-l—dl,P'Z—dz) 2Gi < diga,
l(ql i i ) Ci,Dz + CDz'D1 + CDl,i+1 OSdDszin{Piz,Q—qi} i+1 \ qi D Dj i+ 00 D’ 1 Dj . p
‘ i+ P < dyys,
sy sminl?.0-ad BT S G 3 17) )
dis1=qisd 1 +dp2<Q=a; g+ P? < diyq
Ci(Qi’Pil'Piz)
. . i . . —d. 1 _ 2
Cip, T Cpi+1+ 0$dD1$rran'lrllr{1Pi1,Q—qi]Cl+1 (‘h + du} dir1, P; dDierl )
13
Cip, + € + min C (q +d di1, PP —d ) S i,
i,D Dy,i+1 ! i+1 \4Yi p? — Gi+1, O, by — Up2
) 2 osdpzsmin{pf,0-ai) ' ' g+ P! = diyq, (317) (0)
= min
. (Cip, t Cp,p, T Cp,it1 . 2
min] ’ ’ min C; (-+d 14+d2—d; ., Pt—d 1,P-2—d2) qi+ P =diyq
{Ci,z)2 + Coup, FCoyiv1 | osdjpsmin{PRo-q) i dpp T dpp ~ Givr bir bi
13

0sdp1<smin{P},Q-q;}
L

di+1_Qi5dDi1+dDi25Q_Qi

Ci(qi'Pieriz)
Cijer + Cirr(q; — dir, PLPP)
Cip, * Cpis1 T+ P rn(i;llm{[’1 - }Ci+1 (q,- +dpp — dig1, P — dDil’PiZ) G < diyq,
i+1—qisd 1< i Q—qi
. Cip. + Cp p. ¥ Cp ' Qi+ P! 2 diyq, (317) (d)
= min<{ . (Cip, 1.D; 2,i+1 : ) ( ) iy 1_ 2 _ )
min {sz + Cp,p, T Cp,it1 osdD;srrrfil'rlzr{le,Q—qi] Cira (@ + dDil + dDiz div1, P; dpil,PL leZ q; + Piz <dj41
0sd 1 <min{P},Q-q;}
di+1*‘1i5‘1Di1+dDiZSQ*Qi
Ci(qi, P1 PP
Ciivr + Cir1(q; — divr, PLPP)
Cip, + Cp iy1 t+ min C; ( i+dy2—d;q, P PP —d z) 4 < digq,
WPa T TP Ty —qisdppsmin(PEo-a) @ fop ~ G f M b 1
i o + Cpp. + Cpoin qi + P! <diyq, (3.17) (e)
= min . i,Dy Dy,D, Dy,i+1 . ) ( ) o 1_ 2 _ )
un {sz + ¢p,p, F Cpyin1 OsdDZSrrnrilTllr{lPier—qi] Cira \i ¥ dpp + ddpp = diga, P = dpp P =l g+ P 2 digy
13

OsdD_lsmin{Pil,Q—qi]
L

di+1*‘1i5‘1Di1+dDiZSQ*Qi

And for the staring positioni = 0, P} = I1*, P? = [1*and q, = 0:
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Cop, + Cp. 1+ min C,(dps — dy, P} — dp1, P?
0,0, Dy1 0sdy, Smin(P}.) 1( Dd 1, Fo Dd 0)
13
. _ 1 p2 _
Cop, T Cp,1 T+ Osdngr{gi{Pg’Q} G (dug dy, Py, Py dug)
0
Cop, + oo, F Cpya (3.18)

Co(0, P}, P3) = min ) i
}Cl(dné +dpz —dy, P —dp1, PE — dpg)

min{ min
Cop, T+ Cp,p, T Cp,1 0sdypsmin{Pg.Q

OsdD%smin[PDl,Q}

0sdp1+d,2<Q

Equation (3.17a) ensures that if the load of the vehicle is adequate to satisfy the demand of the
next client, then C;(q;, P}, P?)will be the minimum distance among the five possible paths
connecting clients i — 1and i.Equation (3.17b) refers to the case in which the vehicle visits both
depots sequentially in order to satisfy the demand of clienti + 1, since there is not enough load
or stock in D'or D2. In Eq. (3.17c) the path that represents the direct transition from client i to
i + 1is excluded due to Eg. (2.12). In Egs. (3.17d) and (3.17e), if the vehicle load plus the
inventory available at one depot is not adequate to satisfy the demand of the next client i + 1,the
path that involves only that depot is not considered. The optimal distance from the starting

position is the lowest distance to serve all clients, minTC = Cy(qq, P3, P§).
Labeling Algorithm (LA)

The Labeling Algorithm for the LL problem is again an extension of the algorithm developed for
the UU problem. In this case, though, LA does not guarantee optimality. As in the previous
cases, let Z; be the set of all partial paths reaching client (node) i € K. Each partial path z € Z;is
characterized byC,, andg, and, since in this case both depots have limited inventory, P}, P2are
the inventory levels of D! andD?, respectively, after serving the last client of partial path z. In

this case, the variables H. for the maximum dept inventory level are not used nor defined.
The differences from the Labeling Algorithms of the previous cases are summarized as follows:

1. In step 3each partial path incident to a client i can be extended to the next client i + 1 by:
a) Direct trip to the next client, b) trip through D}, c) trip through D7, and d) trip through
both depots. In this case as well, the appropriate quantity to be loaded onto the vehicle
during a depot visit is not known at the time of extending the path. Thus, in all depot visit
cases, the vehicle (initially) receives the maximum possible load (up to its capacity, or up

to the available inventory).
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2. A significant variation is necessary for cases (b) and (c) if a different depot was visited
prior to the current visit; i.e. D?for (b) and D/ for (c). In such an event, two path
extensions are created, differing only by the inventory level of the depots. In the first
extension, it is considered that the maximum possible quantity was loaded onto the
vehicle during its previous visit to the depot. In the second extension, it is considered that
the vehicle was loaded just to satisfy the demand of the clients between the previous and
the current visit; during the current visit the maximum possible quantity is assumed to be
loaded onto the vehicle. In both extensions during the current visit the vehicle receives
the maximum possible load. This variation is necessary because of the importance of the
inventory level in depots. By creating the two extensions differing only by the inventory
level of the depots, as described, it is ensured that in both depots (in one depot per
extension) the maximum inventory will be available, in case of a future visit. Either case

may result in the lower distance travelled by the vehicle in the future.

3. Case (d), is considered only if there is not adequate quantity of products in one depot to
load the vehicle up to its capacity; in that case it is necessary to create one more
extension, in which the vehicle also visits the other depot before serving the next client.
Again, this case may eventually lead to a minimum cost route. Overall, at most 5 X
|Z;_1| new paths will be created.

4. In step 4, P}, P2, q,, are updated as discussed above and according to Egs. (3.10a)-
(3.10.d) and (3.12a)-(3.12c), respectively.

5. In step 6, the dominance rules of the LA for problem UU are applied, by relaxing the
second criteria Eg. (3.6) to Eq. (3.19).

Cory < Ca, (319)

Equation (3.19) secures that the two extensions created, as described in 1 above, will not
be discarded immediately. Note that these dominance criteria are stringent, and,
therefore, some good quality paths may be discarded. As a consequence, the optimal
solution of the problem is not guaranteed. Figure 3.2 displays an example for extending a
partial path for the LL problem. The extensions shown in Figure 3.2 (b and c) are those
that are extended twice.
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Figure 3.2: Partial path expansion example: (a) The initial partial path. (b), (c), (d), (e) The partial path
extensions
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Chapter 4. Computational Analysis

A wide range of experiments were conducted in order to evaluate the efficiency of the methods
developed to solve the above three VRDRP variants. All methods were implemented in
Mathworks’ Matlab R2010a and run on a PC equipped with an Intel Core i7 - Q720 CPU, and 4
GB of RAM.

A random problem generator was used to uniformly distribute n 4+ 4 points in a 24 x 24 square
space. The first n points represent the locations of the clients to be served; the next two points
represent the starting and ending positions of the vehicle, while the last two points represent the
locations of the two depots. The capacity of the vehicle is set to Q. The demand of all clients is
equal to m = Q/3 product units. It has been assumed that the availability of the depots is either

unlimited or equal to half the cumulative demand of all clients (17 = ™ X M/5). In all problems

the vehicle departs empty from the starting position (q, = 0).

For all experiments (UU, LU, and LL), the following procedure is applied for various values
ofnand Q:

Step 1:The number of clients is set to n

Step 2:The vehicle capacity is set to Q(and thus the client demand tom = g)

Step 3:Ten(10) problem instances are generated for each pair (n, Q)

Step 4: The 10 problem instances are solved using both DP and LA

Step 5:Log computational time and total cost.

This procedure is repeated for increasing values of nand for different values of Q.

4.1. Problem UU

As mentioned in Section 3.1 both the DP and LA algorithms solve the UU problem to optimality.
In terms of computational efficiency, Figure 4.1 displays the average computational time of DP
over the 10 problem instances for the number of clients n, increasing from 10 to 500 by a step of
10. Each line corresponds to a different value of Q = 12,24,48,96,192. It is clear that the
computational time of DP increases as the number of clients and the capacity of the vehicle
increase. This is expected, since DP computes the optimal distance to the destination point for all
possible loads, and, thus, the upper bound of the DP complexity in this case is O(n X Q) =
0(n?).
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Figure 4.1: Problem UU - Computational time as a function of the number of clients n for five values of the capacity Q

Figure 4.2 displays the average computational time required to solve the same problem instances

as in Fig. 4.1 by the Labeling Algorithm. Again, the computational time increases with the

number of clients n, butit appears to be independent of Q, since in this case paths that correspond

to unfavorable loads are pruned early in the algorithm. Furthermore, since the ratio % is constant

the same number of partial paths are expected to be created by the algorithm.
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Figure 4.2: Computational time of the labeling algorithm for problem UU
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Figure 4.3 presents the ratio r of the average computational times of DP over LA. The Figure
validates that LA is more efficient than DP; for example, ifQ = 960orQ = 192, LA is more than

one order of magnitude faster than DP.
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r 10,0 Q=96

1,0
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—0Q=12 —Q=24 Q=48 — Q=96 — Q=192

Figure 4.3: Problem UU: The ratio of the average computational times of DP over LA

4.2. Problem LU

In this case as well, both the DP and LA algorithms solve the LU problem to optimality. In terms
of computational efficiency, Figure 4.4 shows the average computational time of DP over the 10
problem instances, for the number of clients n, increasing from 10 to 200 by a step of 10. Each
line corresponds to a different value of Q= 12, 24, 48. The computational time of DP increases
with: a) the number of clients, b) the capacity of the vehicle, c) the inventory of Depot 2, and d)
the quantity of products loaded onto the vehicle while it visits Depot 2. Hence, the upper bound

of the DP complexity is O(n x Q x P? x d*)~0(n*)
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Figure 4.4: Computational time of the dynamic algorithm for problem LU

Figure 4.5 shows the average computational time over the ten instances for LA, and for the same

problem instances as in Fig. 4.4. Again, the computational time increases with the number of

clients n but, in this case, it appears to be independent of Q. This is because at most three new

partial paths are created for any partial path reaching a customer regardless the amount that can

be loaded onto the vehicle. Furthermore, many of these path extensions are pruned due to the

dominance criteria.

2,50
— =12 tr48
2,00 Q=12 048
@
)]
2 /
= 1,50
©
c
K=l
1,00 ,
‘é_ //
g 0,50
(&) /

0,00

10 30 50 70 90 110 130 150 170 190
n
—Q-12 Q=24 ——Q=48

Figure 4.5: Computational time of the labeling algorithm for problem LU
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Figure 4.6 presents the ratio r of the average computational times of DP over LA. In this case

LA is much more efficient than DP; for instance, in the casesQ = 24 and Q = 48, LA is more

than two orders of magnitude faster than DP.
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Figure 4.6: The ratio of the average computational times of DP over LA

To further examine the performance of LA in solving the LU problem, we applied in this case

the stronger dominance criteria of the UU problem — Egs. (3.5) and (3.6).These criteria do not

preserve optimality, but lead to enhanced pruning. Regarding the quality of the solutions

obtained by applying the sub-optimal dominance criteria, in 21% of the cases, the optimal

solution has been found, while in all other cases the average deviation from the optimal solution

was found to be 1.27%. Figure 4.7 shows the ratio p of the computational times of LA when the

(optimal) dominance criteria of LU are used vs. the (suboptimal in this case) dominance criteria

of UU. The results indicate that the more stringent dominance criteria can transform LA to a fast

and effective heuristic for the LU problem.
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Figure 4.7: Problem UL: Average computational time of LA applying optimal vs. suboptimal dominance criteria

4.3. Problem LL

In this much more complex problem, the DP algorithm reaches the optimal solution, while the
LA provides close to optimal solutions in a much more efficient manner. Note that the
complexity of DP is even higher (0(n®)), since the computational time increases with: a) the
number of clients, b) the capacity of the vehicle, c) the inventory in Depot 1, d) the inventory in
Depot 2, e) the quantity of products loaded onto the vehicle while it visits Depot 1, and f) the
quantity of products loaded onto the vehicle while it visits Depot 2. Hence, the upper bound of

the DP complexity isO(n X Q x P} x d}P? x d?)~0(n®).

The experimental investigation for LL used the following test parameters: n € [10,100]and
Q = 6.In terms of the quality of the solutions obtained, the optimal solution is found in 18% of
the cases while in all other cases the average deviation from the optimal solution was found to be
1.85%.In terms of computational complexity, Figure 4.9 shows the average computational times
of DP and LA over the 10 problem instances, as well as their ratio r, with increasing number of
clients n. From these test results, it is clear that LA is much more efficient that DP; the ratio
r(DP vs. LA) is almost steady over the range of n, and LA is almost three orders of magnitude
faster than DP.
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Figure 4.8: Computational times of dynamic of the DP and LA algorithms for problem LL, and their ratio r

27



Chapter 5. Conclusions

Chapter 5. Conclusions

In this thesis we investigated the single vehicle routing problem with a predefined customer
sequence and two replenishment depots. Three problems were modeled, solved and analyzed,
depending on the inventory levels of the two depots. For each problem, two solution approaches
were developed: A Dynamic Programming (DP) algorithm and a Labeling algorithm (LA).Both
were evaluated through a large number of randomly generated problem instances. DP solves all
three problems to optimality, while LA solves the first two (unlimited inventory in both depots -
UU, and limited inventory in one depot unlimited in the other -LU), while it provides
suboptimal, but good, solutions for the third (limited inventory in both depots -LL).In terms of
computational time, the LA algorithm proved to be significantly more efficient than DP
computational time for all cases; that is,1-3 orders of magnitude faster in problems UU to LL,

respectively.

An interesting topic of future research is to study the efficiency of the LA algorithm to problems
with stochastic client demand. Furthermore, since the studied problem is a partitioning problem,
the proposed algorithm can be applied to other partitioning problems outside the field of vehicle
routing, such as the database allocation problem (see Wang and Jea, 2009), in which the optimal

data partition must be determined to minimize the access time.
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